A nonlinear continuum model is used to investigate the dynamic behavior of an array of N nonlinearly coupled microbeams. Investigations concentrate on the region below the array's first pull-in instability, which is shown to be governed by several internal three-to-one and combination resonances. The nonlinear equations of motion for a two-element system are solved using the asymptotic multiple-scales method for the weak nonlinear system. The analytically obtained periodic response of two coupled microbeams is numerically evaluated by a continuation technique and complemented by a numerical analysis of a three-element array which exhibits quasiperiodic responses and lengthy chaotic transients. This study of small-size microbeam arrays serves for design purposes and the understanding of nonlinear nearest-neighbor interactions of medium-and large-size arrays.
Introduction
Arrays of micro-and nano-electromechanical systems (MEMS/NEMS) [Craighead, 2000; Zalatdinov et al., 2006; Despond et al., 2004] consist of a multitude of coupled elements in configurations where their collective behavior enables a striking enhancement that is not attainable with an individual element performance. The tremendous amount of research that has been done in the field of single-resonator MEMS devices is followed by mainly two trends today [Senturia, 2003] . The first is a shift into nanotechnology, which is mainly driven by a combination of practical needs as well as fundamental questions [Kenig et al., 2009] , and the other trend is into an area, which is widely independent from basic research, namely, to build commercialized real products from ideas or prototypes [Senturia, 2003] , which in turn, even for single-resonator devices, has proven to be difficult. While these trends are recognized in research for single-element MEMSs, ongoing work in the field of MEMS arrays occurs to have its own dynamics. One of the reasons is, that current limitations in the fabrication technology [Kenig et al., 2009] cause the individual resonators of an array assembly to have slightly different natural frequencies and nonlinear collective effects [Lifshitz & Cross, 2008; Cross et al., 2006; Buks & Roukes, 2002; Dick et al., 2008] , which maintain a reasonably significant amount of open fundamental questions and thus, avoids MEMS array applications from becoming real products. However, there exist about 2800 large arrays of MEMS and NEMS to-date [Kenig et al., 2009; Bargatin et al., 2009] , among which exist arrays e.g. IBM's two-dimensional millipede [Despond et al., 2004; Vettiger et al., 1999] for parallel high-density data storage processes as well as numerous one-dimensional prototype arrays for applications in high-speed imaging and scanning processes [Minne et al., 1998 ], parallel lithography, opto-mechanical signal processing (tuneable MEMS diffraction grating and filters) [Jiao et al., 2007] and mixing devices, signal enhancement and noise reduction , mass sensing (biosensors) [Ilic et al., 2005] and recently protein printing [Sasoglu et al., 2007] .
The dynamic response of such arrays is governed by nonlinear effects [Craighead, 2000; Buks & Roukes, 2002; Dick et al., 2008; Lifshitz & Cross, 2003; Bromberg et al., 2006] which directly influence their performance. These nonlinearities originate from either the effect of external potentials (magnetic, electrostatic, etc.) and/or geometric effects [Lifshitz & Cross, 2008] . Additional sources of nonlinearities in MEMS devices may be boundary conditions, nonlinear actuation and detection, and damping mechanisms.
In this paper, we study the dynamic behavior of a micro-resonator array below its first pullin instability threshold. Single-element resonator devices as well as micro-resonator arrays can also be meaningfully modeled beyond pull-in with the presence of an immediate dielectric layer between the electrodes, for applications like e.g. capacitive switches [Goldsmith et al., 1996; Muldavin & Rebeiz, 2000a , 2000b . Understanding the behavior of MEMS devices near their pull-in points is of high interest for applications like e.g. RF MEMS resonators (sensors) and switches, which, in turn, are the candidates that promise breakthrough developments in telecommunications, radar systems and personal mobile devices [Nayfeh et al., 2007] . Some advantages of MEMS switches over their conventional cousins are e.g. low-power consumption and high isolation. However, the main disadvantages are the requirement of high driving voltages and low reliability [Varandan et al., 2003; Tilmans et al., 2003] . Nayfeh et al. [2007] studied the behavior of a single-resonator MEMS and showed that adjustments of either the frequency or the amplitude of the AC loading can reduce the driving voltage and switching time. In a MEMS array the driving voltage (assuming to operate the device below the first pull-in threshold) is reduced with the increasing number of members in the array, however, not without adding a complex bifurcation structure which is known to be present already in a single-resonator device [Nayfeh et al., 2007] .
While the behavior near the pull-in threshold for a single-resonator MEMS has been studied extensively in literature [Nathanson et al., 1967; Senturia, 2001; Lenci & Rega, 2006; Wang, 2003; Nayfeh et al., 2007] , little is known so far for array devices near this instability point [Porfiri, 2008; Gutschmidt & Gottlieb, 2008a , 2008b . Buks and Roukes [2002] (BR) employed optical diffraction to study the mechanical properties of an electrically tunable array of suspended doubly-clamped beams (see Fig. 1 ) which were parametrically excited at primary resonance. For a detailed description of the fabrication of the array device and the experimental setup we refer to Figs. 1 and 4 in [Buks & Roukes, 2002] . The experiments depicted complex multivalued periodic response for a bias DC voltage range from 0 to 20 V and a very small periodic AC input of 50 mV. Motivated by their work, Lifshitz [Buks & Roukes, 2002] Recently, Gutschmidt and Gottlieb [2007 , 2008a , 2008b ] investigated a continuum initial boundary value problem of a similar doublyclamped microbeam array excited for zero DC bias and periodic AC-voltage. For a zero DC voltage the natural frequencies of the array were identical and thus, the system was excited at its oneto-one internal resonance. (Note, that the terminology "internal resonance" refers to neighboring members of the array in this paper, and must not be confused with the intrinsic internal resonances of an individual member.) A Galerkin ansatz was employed to deduce the coupled partial differential equations to a set of ordinary differential equations which were governed by a one-to-one and a one-toone-to-one internal resonances for a two and threeelement array, respectively. Analytical and numerical analyses revealed multiple coexisting stable and unstable, periodic and aperiodic solutions.
In this paper, we extend our previous analysis of the microbeam array at the region of one-to-one internal resonance to that of a three-to-one internal resonance, that occurs to be near the pull-in point of the array and which is implemented for large DC-and small AC-voltage excitation. Although the analysis of the present model allows no quantitative comparison to previously observed results by Buks and Roukes [2002] , it makes significant contributions to the fundamental understanding of the array behavior in the region near the system's pullin instability threshold. Recently, a few small-size arrays have been fabricated in the Buks' laboratory at the Technion and first experimental investigations are documented in a work by Mintz [2009] .
The manuscript is organized as follows: In Sec. 2 we formulate the initial boundary value problem (IBVP) for the microbeam array with N beams which include both localized nonlinear capacitive actuation and dissipation. In the same section, the IBVP is reduced to a modal dynamical system via the Galerkin decomposition which is then investigated analytically for equilibrium (Sec. 3) and asymptotically (Sec. 4) via multiple-scales for an array of two elements in the vicinity of the system's three-to-one internal resonance. The two-element analysis is validated numerically by means of a numerical continuation method [Allgower & Georg, 1990; Govaerts et al., 2005] and complemented (Sec. 5) by the numerical analysis of a three-element array. We summarize with closing remarks in Sec. 6.
Model

Initial boundary value problem
We consider an array of N clamped-clamped silicon beams (see Fig. 2 ). All microbeams (length L, width B, height H, respectively) are assumed to have identical material properties. We assume a linear stress-strain law and that plane sections remain plane. The equation of motion for a single clamped-clamped resonator in an array of N beams, as found in literature (e.g. [Nayfeh & Mook, 1979] ), is
where variables marked with a tilde are dimensional. A in (1) is the mass per unit length (with density and cross-sectional area) of each beam n and w n (x, t) are the displacements in the z-direction (inplane motion, see Fig. 2 ). The restoring forceR n is that of a standard Euler-Bernoulli beam with immovable boundary conditions that include the effect of residual stresses and nonlinear membrane stiffness [Nayfeh, 2000] . We consider here both, linear viscous and a Kelvin-Voigt visco-elastic damping model [Shabana, 1991; Gottlieb & Champneys, 2005] . The elastic restoring force and the structural damping force for each beam arẽ
E and N 0 in (2) are the Young's modulus and the pretensional force, respectively and I and K are given by I = HB 3 /12 and K = EA/(2L) and denoting the moment of inertia and mid-plane stretching. The actuationQ n in (1) is composed of the capacitive actuationQ E n , which is proportional to the quadratic ratio between the input voltage and the relative grating of the array [Senturia, 2001; Wang, 1998 ], and the nonlinear damping forceQ D n . Q D n is deduced from a quadratic Rayleigh dissipation function [Meirovitch, 1975] 
which is motivated by experimental observations [Buks & Roukes, 2002] , that reported on a sharp increase in damping with an increase in input voltage. (3) and (4) and g in (4) are linear and nonlinear damping coefficients and array grating (gap between resonators), respectively. Thus, the nonlinear damping force is
withQ D n = − ∂G/∂ẇ n assuming that nonlinear damping occurs predominantly as a function of the bias voltage. The electrostatic actuation is
for P = ε 0 H/2, where ε 0 is the electric constant (vacuum permittivity). Each element of the microbeam array is clamped at both ends, i.e.w n (0, t) = 0,w n (0, t) = 0 andw n (L, t) = 0,w n (L, t) = 0. Furthermore, the first and the last beams in the array are completely fixed along their lengths (w 0,N +1 (x, t) = 0).
By introducing the nondimensional parameters w =w/L, τ = ω s t and ω 2 s = EI/( AL 4 ) the nondimensional field equations become
The nondimensionalized elastic restoring force
respectively. The nondimensional parameters in
The nondimensional boundary conditions (b.c.) are w n (0, τ) = 0, w n (1, τ) = 0 and w ns (0, τ) = 0, w ns (1, τ) = 0 while the first and last beams in the array are prevented from undergoing any motions, i.e. w 0 (s, τ ) = w N +1 (s, τ ) = 0.
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Reduced-order model
The dynamic response can be approximated in terms of a linear combination of a finite number of orthonormal spatial basis functions with time dependent amplitudes. Thus, the deflections of each microbeam are expressed as the sum of spatial modeshapes with time dependent amplitudes, w n (s, τ ) = (m) q n,m (τ )Φ m (s), of which the modeshapes Φ m (s), which are the eigenmodes associated to the linear undamped homogeneous system of (7), satisfy the b.c. exactly (see e.g. [Hagedorn & DasGupta, 2007; Krylov, 2007] ). Due to maintained symmetry of the parallel plate model a first-mode discretization captures the nonlinear behavior sufficiently. The separation ansatz is substituted into Eqs. (7)- (11) and employing Galerkin's method by multiplication of Φ and integration over the length of the beam (from 0 to 1) yields
with Φ = Φ(1/2) and
We rescale the resulting ordinary differential equations by x n = Φq n /γ and t * = ζ 2 1 τ (where ζ 1 = 4.73 (for a clamped-clamped beam and κ 1 = 0) and Φ = Φ(1/2)) to yield the final modal dynamical system:
whereas the parameters are defined as
1 ), and Ω =Ω/ζ 2 1 . Derivatives in (13) are with respect to t * . Note, that the gap parameter γ appears in the cubic stiffness parameter β and in both, the bias η DC and the oscillating parameter η AC . The dynamical system in (13) readily reduces to the coupled Duffinglike system proposed by Lifshitz and Cross [2003] . However, in their lumped-mass approach, the distinct relationship between the cubic and linear stiffness is arbitrary whereas the IBVP derivation here reveals that they are not independent parameters but a direct outcome of the linear material properties and microbeam dimensions.
Equilibrium Analysis
The equations which describe the fixed points of the beams in the microbeam array are deduced from (13) by setting time dependent terms to zero.
Note, that the equilibrium equations admit multiple solutions including a trivial configuration. It can readily be shown that the trivial solution is asymptotically stable below the pull-in threshold. In order to compute natural frequencies of the microbeam array, (14) is expanded in a Taylor series. The natural frequencies, which correspond to the stable trivial configuration, are obtained from the eigenvalue problem of the coefficient matrix of the linear displacement equations. The natural frequencies for the two-beam system are ω 1 = [α − 3η 2 DC /2] 1/2 and ω 2 = [α −η 2 DC /2] 1/2 and for the three-beam system
, in which hats denote one half of the parameter. The first pull-in instability occurs at the first natural frequency ω 1 Fig. 3 . Functions of natural frequencies f (ω i ) and multiple integers of fundamental frequencies for the two-beam system; shaded regions I and III: regions of one-to-one and threeto-one internal resonance, region II: parametric resonance; η =η DC /η P I (DC-voltage parameter scaled with respect to the pull-in voltage).
of the array system being equal to zero. For the two-element system, the beams get pulled in at a DC-voltage parameter of η P I = 2α/3. The natural frequencies, integers and combinations of the same for N = 2 are depicted in Fig. 3 1 as a function of the normalized DC-voltage η =η DC /η P I . They denote the regions of internal, combination and parametric resonances.
When the DC-voltage parameter is near zero, the system's response falls into the one-to-one internal resonance region (region I in Fig. 3 ). For increasing values of the DC-voltage parameter, the natural frequencies reveal a region of three-to-one internal and several combination resonances (region III in Fig. 3 ). The borders between regions I & II and II & III are set arbitrarily here in order to illustrate an existence of such regions. A proper definition can be given by defining a small parameter epsilon and its corresponding DC-domain, within which the relative differences of frequencies are equal or smaller than epsilon. In general, the ratios of ω n /ω 1 ≈ 3 occur very close to the pull-in point. Ratios with the reference frequency different from the fundamental frequency such as ω n for n > 1 occur beyond the pull-in point.
Asymptotic Analysis for the Two-Beam System
We employ the method using multiple scales [Nayfeh & Mook, 1979 ] to the two-microbeam array given in (13), where a three-term solution for both beams is assumed as
4 ) and its respective derivatives. For the DC-parameterη DC • = 8/13α the ratio of the natural frequencies ω 2 /ω 1 ≈ 3. The AC-voltage parameter and the linear damping coefficient are scaled asη AC = 2 η AC and µ L = 2 µ L . The DC-voltage parameter is likewise scaled asη DC = η DC• + 2 η DC , whereas the pull-in voltage for the array of N = 2 is η P I = 2α/3. Substitution of the solution form, including the scaling of the voltage parameters and the linear damping coefficient, and collecting the terms of different orders in result in
for n = [1, 2], where b ij = (5/13)α for i = j and b ij = (4/13)α for i = j, (i, j = [1, 2]) and f n2 and f n3 are given in Appendix A. The two natural frequencies determined from (15) are ω 1 = α/13 and ω 2 = 3 α/13. The detuning, for which the second fundamental eigenfrequency is approximately three times the first eigenfrequency, is 2 σ 1 = ω 2 − 3ω 1 . The homogeneous solution to (15) is
where A j = A j (T 1 , T 2 ) for j = [1, 2] and cc. denotes conjugate complex terms. Substitution of (18) into (16) leads to
where NST n represent nonsecular terms. Elimination of secular terms yields D 1 A j = 0. Thus, A j (T 1 , T 2 ) are independent of the time scale T 1 . The nonsecular terms NST n consist of quadratic and sum and difference frequency terms. Thus, an ansatz for the solutions of x n2 is
1 Unless otherwise specified, the dimensionless linear and cubic stiffness parameters as well as the scaled gap between beams are α = 2.8982 and β = 11.509 and γ = 0.0148, respectively, through the rest of this paper. A conversion of parameters into dimensional quantities is not given because we do not compare results to experimental observations at this point.
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where We focus our analysis on the case where Ω is close to twice the first natural frequency ω 1 . Thus, we define a detuning for the forcing frequency 2 σ 2 = Ω − 2ω 1 . In order to determine the solvability conditions of (17), we seek a particular solution of the form
The complex evolution equations are deduced as a solution of P j and Q j , respectively, by substitutions of the particular solution into (17) and equating the coefficients of exp(iω j T 0 ) on both sides. We employ the polar ansatz and separate imaginary and real terms which yields the slowly varying dynamical system
where the parameters are given in Appendix B. We note that the equations decouple for zero nonlinear damping. Thus, the steady state solutions are either the trivial solution (a 1 = a 2 = 0) or a nontrivial solution for a 1 obtained from (21), (22) and
(25) Equation (25) is a biquadratic equation in a 1 presenting the amplitude-frequency relationship for the out-of-phase vibration mode. Figure 4 depicts the frequency response characteristic for the parametersη AC = 0.0013,η DC = 1.3352, µ NL = 2.4, and Q = 500. The frequency response bifurcation structure includes four regions. Regions I and IV depict a single stable trivial solution. In region II, three solutions coexist, a stable trivial, an unstable nontrivial (lower branch) and a stable (upper branch) solution. Region III portrays two coexisting solutions, an unstable trivial and a stable nontrivial solution. The overall frequency response behavior softens as the contribution of the electrostatic terms are larger than the hardening beam stiffness term. We note that without nonlinear damping, the response curves are unbounded. Figure 5 portrays the times series and the phase plane of the twobeam system at Ω = 1.935ω 1 (Q = 500). This typical response shows a bias and the two resonators vibrate out-of-phase. We note that the response has two Poincaré points, typical for the principal parametric excitation. Asymptotic results of the two-beam system are evaluated by the numerical continuation method available with the Cl-Matcont package for Matlab [Govaerts et al., 2005] . A limit point (LP) in the Cl-Matcont continuation solver denotes which is a saddle-node bifurcation of equilibrium. Results are in only qualitative agreement. We note that differences require an analysis including higher order scales.
Numerical Analysis for the Three-Beam System
A three-to-one internal resonance for the threebeam system below the pull-in threshold occurs for two frequency ratios, ω 2 /ω 1 ≈ 3 and ω 3 /ω 1 ≈ 3. The ω 2 /ω 1 ≈ 3 internal resonance occurs for η DC = 1.2705 and the ω 3 /ω 1 ≈ 3 internal resonance forη DC = 1.2403. The beams get pulled in for the DC-voltage parameterη DC = 1.3030. We focus our numerical investigations on the specific parameter combination where the excitation near the principal parametric resonance Ω = 2ω 1 is close to the ω 3 ≈ 3ω 1 internal resonance. This is obtained by selectingη DC = 1.2396 that yields ω 1 = 0.5245, ω 2 = 1.1669, and ω 3 = 1.5647 and thus 2ω 3 /(3ω 1 ) ≈ 1.99. Figure 6 (a) shows the frequency response of the three-beam system near the ω 3 /ω 1 internal resonance for Q = 500 andη DC = 1.2396. Solid gray, dashed black and solid black lines denote the results from the numerical continuation for the outer and middle beams, respectively. In region I there exists a stable periodic solutions of which a simulation is shown in Fig. 7 . The beams vibrate periodically out-of-phase and with similar amplitudes. The amplitude of the middle beam is slightly larger than the amplitudes of the two outer beams, which vibrate precisely in-phase and with the same amplitude. In region II the periodicity of this solution becomes a quasi-periodicity and the former single Poincaré points evolve to single-loop tori. A simulation in region II is depicted in Fig. 8 . The system's behavior in region III is again periodic (see Fig. 9 ). The phase plane Fig. 9(b) shows the evolution of an extra loop which is fully developed for all beams in the region following [see Fig. 11(b) ].
In region IV the behavior of the three-element array shows a complex aperiodic response. Time series and the Poincaré map of the middle beam are portrayed in Fig. 10 . The aperiodic behavior is followed by a periodic response in region V. A simulation of the array in this region is depicted in Fig. 11 , where the phase planes show an extra loop. In region VI, confined by the two saddle-node bifurcations (LP 1 , LP 2 ), there are two coexisting stable solutions, an upper and a lower branch. Simulations are shown in Figs. 12 and 13, respectively. Region VII is characterized by a periodic behavior, of which a representative simulation is shown in Fig. 14 .
Motivated by the two additional loops of the phase planes in regions V and VI for a Q-factor Q = 500, we conjecture existence of aperiodic solutions for higher energy inputs. The overall energy input is increased by either increasing the AC-voltage value or by decreasing linear damping by increasing the quality factor. Recall, that the region of investigation is near the pull-in threshold. The system is very sensitive to increasing values of the ACvoltage parameter (as previously also observed in a single-beam setup [Rhoads et al., 2006; Krylov et al., 2005] ), meaning that, although a stable solution may exist, it is hard to find by selective sets of initial conditions. Instead of increasing the AC parameter, the quality factor is increased and simulations inside "periodic" regions (V and VI) are carried out. Figures 15 and 16 show simulations (time series and Poincaré map of the middle beam) at the same frequency (Ω = 1.991ω 1 ) for quality factors Q = 3000 and Q = 5000. Figure 15 portrays a complex quasi-periodic response whereas Fig. 16 depicts lengthy chaotic transients. We note that the short time behavior in Fig. 15 is similar to that depicted in Fig. 16 . We conjecture that the bifurcation governing the appearance of aperiodic response is associated with the loss of stability of the dominant out-of-phase vibration mode of two adjacent elements in the array. This behavior will be investigated further in the future.
Closing Remarks
In this paper we have investigated a nonlinear continuum-based multi-element dynamical system for a microbeam array subject to capacitive parametric excitation. The implementation of a large DC-voltage reveals existence of three-to-one internal and combination resonances near the array's first pull-in instability. The asymptotic multiplescales analysis for a two-element system near the three-to-one internal resonance reveals coexisting stable and unstable periodic out-of-phase solutions, of which the overall frequency response is softening. The numerical analysis of the three-beam system in the region of its three-to-one internal resonance reveals out-of-phase coexisting, periodic and aperiodic solutions. Furthermore, it manifests two regions defined by four Neimark-Sacker (secondary Hopf) bifurcation points, within which the limit cycles lose their stability and turn into simple and complex attracting tori. The degree of complexity is governed by the transition from the internal resonance of ω 2 ≈ 3ω 1 to that of ω 3 ≈ 3ω 1 and a possible combination resonance of ω 3 ≈ ω 1 + ω 2 . Future research will focus on the analysis of the system response in the region between the two three-to-one internal resonances and also for excitation beyond the pull-in threshold which may include additional combination resonances. The results of this present work motivate future experimental work and serve as a guideline to investigate the feasibility of new MEMS array applications.
